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ON SOME MOMENT MAPS AND INDUCED HOPF
BUNDLES IN THE QUATERNIONIC PROJECTIVE
SPACE
LIVIU ORNEA AND PAOLO PICCINNI
Abstract. We describe a diagram containing the zero sets of the
moment maps associated to the diagonal U(1) and Sp(1) actions on
the quaternionic projective spaceHPn. These sets are related both
to focal sets of submanifolds and to Sasakian-Einstein structures
on induced Hopf bundles. As an application, we construct a com-
plex structure on the Stiefel manifolds V2(C
n+1) and V˜4(R
n+1), the
one on the former manifold not being compatible with its known
hypercomplex structure.
1. Introduction
The main motivation for the present work is to understand some
aspects of the Riemannian geometry of the focal set FocHPnCP
n, i.e.
of the set of points in the quaternionic projective space HP n that are
critical values of the normal exponential map with respect to the to-
tally geodesic submanifold CP n ⊂ HP n. Our starting point is the
Habilitationsschrift of J. Berndt [7], [8], where in particular is proved
that FocHPnCP
n fibers in circles over Gr2(C
n+1), the Grassmannian of
2-planes in Cn+1. In the simplest cases n = 1, 2, these focal points dis-
tribute on spheres S1, S5, respectively and n = 3 thus seems to be the
first significant case. Indeed, since FocHP 3CP
3 is a circle bundle over
the Klein quadric Gr2(C
4) ∼= CQ4 ⊂ CP 5, both the classical projective
geometry of CQ4 (described for example in [39], pp. 26-35) and its
two quaternion Ka¨hler structures [27] can be related to the total space
FocHP 3CP
3. More generally, the twofold Ka¨hler-Einstein and quater-
nion Ka¨hler properties of the Grassmannian Gr2(C
n+1) suggested to
us a link between the focal set FocHPnCP
n and the Sasakian-Einstein
geometry of the induced Hopf bundles considered in our previous work
[31].
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This paper begins by giving an explicit identification of the focal set
FocHPnCP
n with the zero level set of the moment map µ associated
to the diagonal U(1) - action on HP n. This is the simplest isometric
action giving examples of reductions in quaternion Ka¨hler geometry,
and it is well-known that the reduced manifold is precisely the quater-
nion Ka¨hler Wolf space Gr2(C
n+1) [20], [21]. According to the notation
in use, we write HP n///U(1) = Gr2(C
n+1) to indicate this reduction
procedure; this has been proved to be the unique one with respect
to isometric circle actions and positive quaternion Ka¨hler manifolds
[3], [4]. Next, the diagonal Sp(1)-action on HP n has as reduction the
quaternion Ka¨hler manifold HP n///Sp(1) = G˜r4(R
n+1), the Grassman-
nian of oriented 4-planes in Rn+1. The zero set of the corresponding
moment map ν : HP n → H can also be related to focal sets in HP n.
(For these identifications cf. Theorems 3.1, 3.2).
On the other hand, the zero level sets µ−1(0) and ν−1(0) of these
moment maps µ and ν can be identified with the total spaces of some
induced Hopf S1-bundles. This enables us to define on them a Sasakian-
Einstein and a 3-Sasakian metric, respectively, and hence to find a
diagram where these zero sets µ−1(0) and ν−1(0) are base spaces of S3-
bundles, now induced by the Hopf fibration S4n+3 → HP n. The corre-
sponding total spaces are the Stiefel manifolds V2(C
n+1) and V˜4(R
n+1),
respectively. The 3-Sasakian structure of the fibers S3 and the Sasakian
structure of the base spaces µ−1(0) and ν−1(0) allow to construct a com-
plex structure on V2(C
n+1) and on V˜4(R
n+1), whose definition is very
much in the Calabi-Eckmann spirit. On the former Stiefel manifold,
this complex structure is not compatible with its standard hypercom-
plex structure, obtained in [2], [14], [24]. On the other hand, both
V2(C
n+1) and V˜4(R
n+1) are total spaces of framed bundles in Hopf sur-
faces over Ka¨hler Einstein manifolds. Then these complex structures
can be seen to belong to one-parameter families, also suitable for some
exceptional cases, as shown in a forthcoming paper, [32].
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2. Preliminaries
We collect here some definitions and basic facts that will be used
throughout the paper.
Let (M, g) be a Riemannian manifold and let N be an isometrically
immersed submanifold. The critical values of the restriction expT⊥N of
the exponential map of M to the normal bundle of N are called focal
points of N and the set of all focal points, here denoted by FocMN , is
called the focal set of N (see for example [18] p. 23, [19], p. 227, [28]
p. 283). The focal set of a submanifold may not be a submanifold:
for smooth plane curves and for regular surfaces in R3 the focal sets
are respectively the evolutes and the surfaces of the centres, and both
of them can have singular points, cf. [19], pp. 237-238 and p. 232.
However, for the examples considered in the present paper all the focal
sets turn out to be smooth. Indeed, it seems that not many focal sets
of Riemannian submanifolds have been explicitly determined, but we
can mention totally geodesic spheres in spheres [33], and hypersurfaces
in space forms [16], [17].
We are mainly interested in FocHPnCP
n, the focal set of the totally
geodesic CP n in the quaternionic projective space HP n. This focal set
appears in J. Berndt’s work [7], [8], denoted there by Qn, and studied in
connection with both the complex Ka¨hler and the quaternion Ka¨hler
structure of Gr2(C
n+1), the Grassmannian of complex two-planes in
Cn+1.
Two geometric structures which appear naturally in our context are
the Sasakian and the 3-Sasakian ones. We briefly recall the definitions,
referring the reader to the survey [11] for further information.
A Sasakian manifold is a (2n+1)-dimensional Riemannian manifold
(S, g) equipped with a unitary Killing vector field ξ such that the field
of endomorphisms ϕ := ∇ξ satisfies the differential equation
∇ϕ = Id⊗ η − g ⊗ ξ,
where ∇ is the Levi-Civita connection of g and η is the dual 1-form of
ξ. The data of a Sasakian structure on the manifold S is easily seen
to be equivalent to the requirement that the cone metric dr2 + r2g,
on R+ × S have holonomy contained in U(n + 1). Note that η is a
contact form on S, hence ξ is its Reeb field. In the simplest example,
the Euclidean sphere S2n+1, the Killing vector field is ξ = −JU , J
being the standard complex structure of Cn+1 and U the unit outward
normal to the sphere.
More generally, we look at the induced Hopf S1-bundle π : V →
M , over a smooth submanifold of CPN . Its total space V carries a
Sasakian structure (V, g, ξ) induced from the one of (S2N+1, can). If
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the Fubini-Study metric of CPN induces an Einstein metric h with
Einstein constant α on M , it can be seen (cf. [31], lemma 1) that the
Ricci tensor of the metric g has the form
Ric(g) = λg + µη ⊗ η,
with λ = α−2, µ = dimV +1−α. This is known as the η-Einstein prop-
erty in Sasakian geometry and, following S. Tanno [38], an η-Einstein
Sasakian metric can be deformed to a Sasakian-Einstein one by setting
g′ = Ag + A(A− 1)η ⊗ η,(2.1)
so that ξ′ = A−1ξ with A = λ+2
dimV+1
. Now π is a Riemannian submersion
with respect to the metrics h and g; thus to have a Riemannian sub-
mersion with respect to g′, we must consider the scaled metric h′ = Ah
on the base M .
As Sasakian geometry may be viewed as the odd-dimensional coun-
terpart of Ka¨hler geometry, the odd-dimensional counterparts of hy-
perKa¨hler manifolds are 3-Sasakian ones (cf. [11]). More precisely,
a (4n + 3)-dimensional Riemannian manifold (S, g) is said to be 3-
Sasakian if it is endowed with three mutually orthogonal unit Killing
vector fields ξ1, ξ2, ξ3, each one defining a Sasakian structure and sat-
isfying the conditions:
[ξ1, ξ2] = 2ξ3, [ξ2, ξ3] = 2ξ1, [ξ3, ξ1] = 2ξ2.
As above, an equivalent definition requires that the cone metric dr2 +
r2g on R+×S be hyperka¨hler, i.e. its holonomy group be contained in
Sp(n+ 1). 3-Sasakian manifolds are necessarily Einstein with positive
scalar curvature and their Einstein constant is 4n + 2. Given a posi-
tive quaternion Ka¨hler manifold P , one constructs its Ka¨hler-Einstein
twistor space ZP and then an S
1 bundle over it whose Chern class is, up
to torsion, that of an induced Hopf bundle. The total space S thus ob-
tained is an SO(3)-principal bundle over P with 3-Sasakian structure.
Moreover, all three fibrations involved are Riemannian submersions.
We recall now two basic moment maps of quaternion Ka¨hler geome-
try. Let [h0 : h1 : ... : hn] be the homogeneous coordinates on HP
n: for
each a = 0, 1, ..., n, we shall write the complex and real components of
ha as follows:
ha = za + waj = αa + βai+ γaj + δak(2.2)
where za = αa+βai, and wa = γa+δai. The first moment map, induced
by the diagonal action of U(1) on HP n is at the hyperka¨hler level of
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the bundle Hn+1\{0} → HP n, given by:
µ : Hn+1\{0} → H, µ =
n∑
a=0
haiha.(2.3)
On HP n, one has to regard the corresponding moment map µqK as
a section of S2H , the rank 3 vector bundle of the compatible almost
complex structures. In fact, by using the metric, µqK appears as a
2-form solution of
dµqK = iXΩ,
where Ω is the Ka¨hler 4-form and X the Killing vector field gener-
ating the U(1)-action: [20], [1]. However, since the zero level sets
µ−1(0) ⊂ Hn+1 and µ−1qK(0) ⊂ HP
n correspond to each other in the
bundle projection Hn+1\{0} → HP n, we shall refer to the defini-
tion µ =
∑n
a=0 haiha, whose zero set makes sense also when the ha
are the homogeneous coordinates of HP n [11]. The reduced mani-
fold µ−1qK(0)/U(1) turns out to be the quaternion Ka¨hler Wolf space
SU(n+1)
S(U(n−1)×U(2))
∼= Gr2(C
n+1) [20], [21].
The second moment map to be considered, generated by the action
of Sp(1), is (again at the hyperka¨hler level):
ν : Hn+1\{0} → H3, ν = (
n∑
a=0
haiha,
n∑
a=0
hajha,
n∑
a=0
hakha),(2.4)
and its corresponding quaternion Ka¨hler moment map νqK can be
viewed as a triple of 2-forms associated to the frame of Killing vector
fields defining the Sp(1)-action. The corresponding reduced manifold
ν−1qK(0)/Sp(1) is now the Wolf space
SO(n+1)
SO(n−3)×SO(4)
∼= G˜r4(R
n+1), the
Grassmannian of oriented four-planes of Rn+1.
3. Statement of results
Theorem 3.1. (i) The focal set FocHPnCP
n coincides with µ−1(0),
and it is isometric to the total space of the induced Hopf S1-bundle via
the Plu¨cker embedding Gr2(C
n+1) →֒ CPN .
(ii) The metric g1, induced on µ
−1(0) by the Plu¨cker embedding allows
us to define on µ−1(0) a Sasakian Einstein metric g.
(iii) The Stiefel manifold V2(C
n+1) of orthonormal 2-frames in Cn+1,
diffeomorphic to the total space of the induced Hopf S3-bundle via the
embedding µ−1(0) ⊂ HP n, admits an (integrable) complex structure J ,
not compatible with the standard hypercomplex structure of V2(C
n+1).
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We have a similar statement regarding the moment map ν induced
by the action of Sp(1) on HP n. We need to consider the following
mutually congruent, totally geodesic embeddings of CP n in HP n.
CP ni ={h ∈ HP
n ; γa = δa = 0, a = 1, ..., n},
CP nj ={h ∈ HP
n ; βa = δa = 0, a = 1, ..., n},
CP nk ={h ∈ HP
n ; βa = γa = 0, a = 1, ..., n} :
(3.1)
here CP ni is the standard CP
n appearing in Theorem 3.1.
Theorem 3.2. (i) The zero level set ν−1(0) coincides with the inter-
section M = FocHPnCP
n
i ∩FocHPnCP
n
j ∩FocHPnCP
n
k and is isometric
to the total space of the induced Hopf S1-bundle over the Fano manifold
Z
G˜r4(Rn+1)
, via the embeddings Z
G˜r4(Rn+1)
→֒ Gr2(C
n+1) →֒ CPN , the
first of which is defined by regarding Z
G˜r4(Rn+1)
as the space of totally
isotropic two-planes in Cn+1. This isometry allows the construction of
a Sasakian Einstein metric on ν−1(0), and identifies it with the homo-
geneous 3-Sasakian manifold SO(n+ 1)/(SO(n− 3)× Sp(1)).
(ii) The Stiefel manifold V˜4(R
n+1) admits an (integrable) complex
structure, projecting to the complex structure of Z
G˜r4(Rn+1)
.
Here Z
G˜r4(Rn+1)
is the twistor space of the quaternion Ka¨hler Wolf
space G˜r4(R
n+1) given by the Sp(1) reduction on HP n. Z
G˜r4(Rn+1)
is
known to be a complex submanifold of the Ka¨hler-Einstein Grassman-
nian Gr2(C
n+1), see for example [25] p. 14 or [23] p. 702.
Statements 3.1, 3.2 give, in particular, some fibrations that can be
collected into a diagram as follows. Here Vk(C
n+1) and V˜k(R
n+1) denote
the Stiefel manifolds of k-frames in Cn+1 and of oriented k-frames in
Rn+1, respectively.
Corollary 3.1. There is a commutative diagram
V˜4(R
n+1) →֒ V2(C
n+1) →֒ S4n+3yS3 yS3 yS3
ν−1(0) →֒ µ−1(0) →֒ HP n S2N+1yS1 yS1 ւ
Z
G˜r4(Rn+1)
→֒ Gr2(C
n+1) →֒ CPNyS2
G˜r4(R
n+1)
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of principal S1 and S3-bundles and Riemannian submersions. The zero
level sets µ−1(0) and ν−1(0) are thus total spaces of induced Hopf S1-
bundles and, as such, are minimal submanifolds of the sphere S2N+1.
4. The proofs
Proof of Theorem 3.1 (i) and (ii). The first observation is:
FocHP 1CP
1 is the level set of the moment map associated to the stan-
dard U(1)-action on HP 1.
In the homogeneous coordinates [h0 : h1] of HP
1, using the notations
from formula (2.1), CP 1 is given by:
w0 = 0, w1 = 0 or γ0 = δ0 = γ1 = δ1 = 0.(4.1)
The pair CP 1 ⊂ HP 1 can be identified with S2 ⊂ S4, and the focal
set of a totally geodesic sphere Sp in Sn is the unit Sn−p−1 in the
(n− p)-dimensional orthogonal complement of the Rp+1 containing Sp
([33], p. 286). This identification can be made explicit by using the
coordinate h = α + βi + γj + δk = h0h
−1
1 in the affine line h1 6= 0,
whose corresponding real coordinates are:
α =
α0α1 + β0β1 + γ0γ1 + δ0δ1
r2
, β =
α1β0 − α0β1 − γ0δ1 + γ1δ0
r2
,
γ =
α1γ0 − α0γ1 − δ0β1 + β0δ1
r2
, δ =
α1δ0 − α0δ1 − γ1β0 + γ0δ1
r2
,
where r2 = α21+β
2
1+γ
2
1+δ
2
1. If (x1, ..., x5) are the standard coordinates
on R5, the (inverse) stereographic projection R4 → S4 reads:
(α, β, γ, δ) 7→ (x1, ..., x5) =
( 2α
r2 + 1
,
2β
r2 + 1
,
2γ
r2 + 1
,
2δ
r2 + 1
,
r2 − 1
r2 + 1
)
.
(4.2)
Thus, if x3 = x4 = 0 are the equations of a totally geodesic S
2 in S4, the
focal set of S2 in S4 is the S1 given by the equations x1 = x2 = x5 = 0,
corresponding to
α = β = 0, γ2 + δ2 = 1.(4.3)
On the other hand, the moment map µ on HP 1 can be written in
the non-homogeneous coordinate h = h0h
−1
1 as µ = hih + i. Its level
set µ−1(0) is thus:
α21 + β
2
1 − γ
2
1 − δ
2
1 + 1 = 0, αδ − βγ = 0, αγ + βγ = 0,(4.4)
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and the systems (4.3) and (4.4) are equivalent.
We now treat the case n > 1. From the definition of the focal
set, we only need to look at geodesics normal to CP n. These are
normal to all the complex projective lines CL1 ⊂ CP n, thus their focal
points with respect to CP n are also focal points for all the lines CL1
contained in CP n. Any such line CL1 in HP n belongs to a unique
quaternionic projective line HL1 and the latter is totally geodesic in
HP n. It follows that any geodesic that is normal to a CL1 and tangent
to the corresponding HL1 at a given point, remains tangent to HL1 for
its entire length. Hence, if we show that through any point x of CP n
and for any v ∈ T⊥x CP
n there exists a projective quaternionic line HL1
containing v, we may deduce:
FocHPnCP
n is the union of all the focal sets FocHL1CL
1.
This can be seen from the diagram
Cn+1\{0} →֒ Hn+1\{0}
↓ ↓
CP n →֒ HP n.
by looking at the complex planes LC2 in C
n+1 containing the fibre C∗
and the corresponding hypercomplex 2-planes LH2 in H
n+1 contain-
ing the fibre H∗. Observe that, for any vector −→v ∈ Hn+1 which is
normal to the standard embedded Cn+1, there exist a LC2 and a L
H
2
with spanR{L
C
2 ,
−→v } ⊂ LH2 : indeed, if H
n+1 = spanH{
−→e0 , ...,
−→en} and
Cn+1 = spanC{
−→e0 , ...,
−→en}, we have:
−→v ⊥ Cn+1 if and only if −→v =
n∑
a=0
λaj
−→ea + µak
−→ea .
Hence, if
−→w = −j−→v =
n∑
a=0
λa
−→ea − µai
−→ea ,
we obtain
LC2 = spanC{
−→e0 ,
−→w }
and
LH2 = spanR{
−→e0 , i
−→e0 , j
−→e0 , k
−→e0 ,
−→w , i−→w , j−→w , k−→w }
satisfy the condition.
The identification of FocHPnCP
n with µ−1(0) is then completed by
the following observation:
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The subset µ−1(0) ⊂ HP n is the union of the zero sets of the moment
maps µ1 associated to the standard U(1)-action on all the projective
quaternionic lines HL1 ⊂ HP n.
Let {p0, p1, ..., pn} be the canonical frame of HP
n with unit point u
and let [h0 : ... : hn] be the homogeneous coordinates with respect to
this frame. Accordingly, the moment map reads µ(h) =
∑n
a=0 haiha.
Fix a q ∈ µ−1(0), i.e.
∑n
a=0 qaiqa = 0, and note that q cannot be real;
however, we may suppose q0 6= 0.
Let HL1 ∼= HP 1 be the quaternionic projective line through q and
p1. To compare the intersection µ
−1(0) ∩ HL1 with the zero level set
of the moment map in HL1 ∼= HP 1, we change the frame in HP n as
follows. We want new homogeneous coordinates [k0 : k1 : ... : kn] such
that q = [1 : j : 0 : ... : 0] and the coordinates of p1,..., pn remain
unchanged. With the new unit point v = [q0 : 1 : −1 : −1 : ... : −1],
the matrix of the change of coordinates is:
A =


q0 0 0 . . . 0
q1 − j 1 0 . . . 0
q2 0 −1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . .
qn 0 0 . . . −1

 .
Thus, t[h0 : ... : hn] = A
t[k0 : ... : kn], and the moment map is:
µ =
n∑
a=0
haiha = k0(
n∑
a=0
qaiqa)k0 − k0jijk0 −
n∑
b=1
kbikb = −
n∑
b=0
kbikb.
It follows that µ−1(0) is invariant under these projective changes of
coordinates. As the coordinates on HL1 are [k0 : k1], its moment
map is µ1 = −k0ik0 − k1ik1 with the same level set µ
−1
1 (0) described
for HP 1. This establishes the inclusion µ−1(0)|HL1 ⊂ µ
−1
1 (0). As the
converse inclusion is clear, for any projective line HL1 in HP n, the
proof of the identification FocHPnCP
n = µ−1(0) is complete.
Next, we prove that FocHPnCP
n is isometric to the total space of
the induced Hopf bundle over the Grassmannian Gr2(C
n+1). In fact,
since FocHPnCP
n is simply connected ([7], p. 17), the existence of a
diffeomorphism with the induced Hopf bundle is a consequence of the
following observation:
Let π : P → Gr2(C
n+1) be a principal circle bundle with simply con-
nected P . Then P is diffeomorphic to the total space of the induced
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Hopf bundle of S2N+1 → CPN , N =
(
n+1
2
)
− 1, via the Plu¨cker embed-
ding Gr2(C
n+1) →֒ CPN .
In fact, the principal S1 -bundles over the base B are classified by
their Chern class in H2(B,Z). Since H2(Gr2(C
n+1),Z) ∼= Z is gen-
erated by the class of the Ka¨hler form, one can denote by Pa the
S1-bundle over Gr2(C
n+1) associated to a ∈ Z. Observe that P1
(resp. P−1) is the circle bundle associated to the canonical line bundle
OGr2(Cn+1)(1) (resp. its dual OGr2(Cn+1)(−1)). But dual complex line
bundles are diffeomorphic as real vector bundles. Hence P1 is diffeo-
morphic to P−1.
Let us now show that if Pa is simply connected, then a = ±1. From
π1(P ) = 0, we have H
1(P,Z) = 0 and H2(P,Z) torsion free. Thus the
Gysin sequence of the S1-bundle π:
0→ H1(P,Z)→ H0(Gr2(C
n+1),Z)→ H2(Gr2(C
n+1),Z)
→ H2(P,Z)→ 0
reduces to:
0 −→ Z
∪c1−→ Z −→ H2(P,Z) −→ 0,
where c1 is the Chern class of π. Hence, c1 6= ±1 implies H
2(P,Z) ∼= Zn
for some n ≥ 2. Consequently, c1 is, up to sign, the Chern class of the
induced Hopf bundle.
We now look at the metric g1 inherited from (S
2N+1, can) by the total
space FocHPn(CP
n) of the induced Hopf bundle and at the metric g in-
duced on FocHPn(CP
n) from HP n. Note that both (FocHPn(CP
n), g1)
and (FocHPn(CP
n), g) are Riemannian submersions with geodesic fi-
bres S1 over Gr2(C
n+1) (cf. [31] for g1 and [7] for g). Thus Theorem
9.59 in [6], p. 249, can be used to conclude that g = g1. This completes
the proof of (i) and (ii) in Theorem 3.1.
Remark 4.1. An alternative way of recognizing that FocHPnCP
n =
µ−1(0) is to look at the standard isometric action of SU(n+1) on HP n
and to see that the two subsets are obtained as homogeneous spaces of
SU(n + 1) with the same isotropy groups. The homogeneous space is
in fact SU(n+1)
SU(2)×SU(n−1)
, which was shown in [7], p. 17, to be a singular
orbit of the action of SU(n + 1) (it was denoted there by Qn). A
similar description of µ−1(0) as a homogeneous space is given in [1], p.
65, in relation with the problem of studying local compatible complex
structures in HP n. Compare also with [36], p. 171, where SU(n+1)
SU(2)×SU(n−1)
is called the ”Grassmannian of oriented two-planes” of Cn+1.
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Remark 4.2. We proved in [31] that the metric g1 is Sasakian and η-
Einstein, and this is in accordance with formulas following Proposition
9 in [7]. As for the extrinsic geometry of FocHPn(CP
n), J. Berndt
proves (Corollary 1 in [7]) that the immersion in HP n is minimal.
It is interesting to observe that the same holds for the immersion
(FocHPnCP
n, g1) in (S
2N+1, can), see [31].
Proof of Theorem 3.2 (i). The identification of ν−1(0) with the
intersection M is an immediate consequence of the definition of ν and
of the first statement of Theorem 3.1. To see that ν−1(0) is isometric to
the induced Hopf bundle discussed above, note that the last observation
in the proof of Theorem 3.1 (i) and (ii) still holds for principal circle
bundles with simply connected P over any complex algebraic projective
submanifold B of CPN with H2(B,Z) ∼= Z. This applies in particular
to B = Z
G˜r4(Rn+1)
, as soon as one recognizes that ν−1(0) is simply
connected. To see this, observe that ν−1(0) can be regarded as the
homogeneous space SO(n+1)
SO(n−3)×Sp(1)
via the transitive action of SO(n+1)
on ν−1(0). This last action comes, in fact, from the natural action
of SO(n + 1) on HP n and J. Berndt’s observation that SU(n + 1)
acts transitively on FocHPn(CP
n). His argument can be triplicated to
produce transitive actions of groups SUi(n+1), SUj(n+1), SUk(n+1)
(the first one is the standard SU(n + 1) in Sp(n + 1), the other two
are similarly defined by interchanging the roˆles of the unit quaternions
i, j, k) on the zero level sets µ−1i (0), µ
−1
j (0), µ
−1
k (0). The isotropy
subgroup of the action on ν−1(0) at the point [1 : i : j : k : 0... : 0]
is then Sp(1)× SO(n− 3). The homotopy sequence associated to the
homogeneous manifold SO(n+1)
Sp(1)×SO(n−3)
thus shows that ν−1(0) is simply
connected, so that it is diffeomorphic with the total space of the induced
Hopf bundle, now over the Fano manifold Z
G˜r4(Rn+1)
.
As an induced S1-Hopf bundle, ν−1(0) has a Sasakian η - Einstein
structure. This can be deformed to a Sasakian-Einstein metric, which
is still a Riemannian submersion after rescaling the standard Ka¨hler-
Einstein metric of Z
G˜r4(Rn+1)
[31]. On the other hand, the composition
of the fiberings
ν−1(0)
S1
→ Z
G˜r4(Rn+1)
S2
→ G˜r4(R
n+1)
is an SO(3)-bundle which endows ν−1(0) with a 3-Sasakian structure
via the inversion Theorem 4.6 of [10].
Proof of Theorem 3.1 (iii) and Theorem 3.2 (ii). In both cases
we construct a complex structure on the total space of an S3 bundle
over a Sasakian manifold, induced by the Hopf bundle S4n+3 → HP n.
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Both Stiefel manifolds under discussion are induced Hopf S3-bundles,
as is easily recognized by regarding them as homogeneous spaces. Thus
the induced homogeneous metrics make them Riemannian submersions
with fibers S3. More generally:
Proposition 4.1. Let π : P → B be a principal S3-bundle induced by
the Hopf bundle S4n+3 → HP n, and let gB, ∇B be the induced metric
and Levi Civita connection on B ⊂ HP n. Assume that B admits a
Killing vector field ξ such that ϕ = ∇Bξ defines on B a Sasakian
structure Then P admits an almost complex structure.
Proof. Let gP be the induced metric on P ⊂ S4n+3, so that π is a
Riemannian submersion. For anyX ∈ X (B) we letX∗ be its horizontal
lift on P . Let ξ1, ξ2, ξ3 be the unit Killing vector fields which give the
usual 3-Sasakian structure of the fibers S3 and η1, η2, η3 their duals
with respect to the canonical metric of S3. The ξi may be viewed
as vector fields on P . Let ηˆi be their dual forms with respect to the
metric gP . Restricted to any fibre, the ηˆi coincide with the ηi. The
usual splitting TP = V ⊕H into vertical and horizontal parts may be
refined to:
TP = span{ξ1, ξ2, ξ3} ⊕ span{ξ
∗} ⊕ H′,
where H′ represents the horizontal vector fields orthogonal to the hor-
izontal lift ξ∗ of ξ..
Define the almost complex structure J on P by:
• Jξ1 = ξ2, Jξ2 = −ξ1,
• Jξ3 = ξ
∗, Jξ∗ = −ξ3,
• JX∗ = (ϕX)∗ for any X ∈ X (B) orthogonal to ξ.
Note that for X ⊥ ξ, X∗ is a section ofH′. As the restriction of ϕ to ξ⊥
is an endomorphism of ξ⊥, the last item in the definition is consistent.
One easily shows that J2 = −1 and J is compatible with g.
To discuss the integrability of the constructed J , we follow the dis-
cussion developed [15] for an almost hypercomplex structure, comput-
ing the Nijenhuis tensor field on all possible combinations of vertical
and/or horizontal vector fields.
Note first that the horizontal distribution H is an sp(1)-connection
in the induced Hopf S3 bundle P → B. This follows from the fact
that the bracket of any horizontal X∗ with a vertical vector field is
horizontal, a consequence of the Killing property of the ξi with respect
to gP . Thus, in particular we get that for i = 1, 2, 3:
ηˆk[ξi, X
∗] = ηˆk[ξi, ξ
∗] = 0,(4.5)
for k = 1, 2, 3. Now we can prove:
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Proposition 4.2. Assume that the curvature form Ω of the sp(1)-
connection H satisfies the following conditions:
1) Ω((ϕX)∗, (ϕY )∗) = Ω(X∗, Y ∗), i.e. Ω is of type (1, 1) with respect
to J ,
2) Ω(X∗, ξ∗) = 0 for any X ⊥ ξ.
Then the almost complex structure J is integrable.
Remark 4.3. Conditions 1), 2) in the former Proposition express a com-
patibility between the Sasakian structure of the base and the bundle
structure of P . Since the vertical components of Ω are precisely the
dηˆi, the two conditions give corresponding equations for dηˆi. Moreover,
the condition dηˆi((ϕX)
∗, (ϕY )∗) = dηˆi(X
∗, Y ∗) is easily checked to be
equivalent with dηˆi((ϕX)
∗, Y ∗) + dηˆi(X
∗, (ϕY )∗) = 0.
Now we can give the proof of the Proposition 4.2:
Proof. We compute the Nijenhuis tensor field of J :
[J, J ](A1, A2) = [A1, A2] + J [JA1, A2] + J [A1, JA2]− [JA1, JA2]
for all possible pairs (A1, A2), noting that, due to the tensorial character
of [J, J ], when dealing with horizontal (resp. vertical) vector fields it
is enough to work with basic ones (resp. with ξi, i = 1, 2, 3).
1. Let first A1 = X
∗, A2 = Y
∗, X, Y ⊥ ξ. Denoting by ηˆ the dual
of ξ∗ we get:
[X∗, Y ∗] = [X∗, Y ∗]′ + ηˆ([X∗, Y ∗])ξ∗ + vertical part.(4.6)
where the ′ denotes the H′ part. By π-corelation, [X∗, Y ∗] = [X, Y ]∗′.
Moreover, from ηˆ(X∗) = ηˆ(Y ∗) = 0 we get ηˆ([X∗, Y ∗]) = −dηˆ(X∗, Y ∗).
The vertical part of [X∗, Y ∗] must be of the form
∑3
i=1 ηˆi([X
∗, Y ∗])ξi.
Hence:
[X∗, Y ∗] = [X∗, Y ∗]′ − dηˆ(X∗, Y ∗)ξ∗ −
3∑
i=1
dηˆ(X∗, Y ∗)ξi.(4.7)
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By similar computations:
J [JX∗, Y ∗] = (ϕ[ϕX, Y ])∗′ + dηˆ((ϕX)∗, Y ∗)ξ3 −
− dηˆ1((ϕX)
∗, Y ∗)ξ2 + dηˆ2((ϕX)
∗, Y ∗)ξ1 − dηˆ3((ϕX)
∗, Y ∗)ξ∗,
J [X∗, JY ∗] = (ϕ[X,ϕY ])∗′ + dηˆ(X∗, (ϕY )∗)ξ3 −
− dηˆ1(X
∗, (ϕY )∗)ξ2 + dηˆ2(X
∗, (ϕY )∗)ξ1 − dηˆ3(X
∗, (ϕY )∗)ξ∗,
[JX∗, JY ∗] = [ϕX,ϕY ]∗′ − dηˆ((ϕX)∗, (ϕY )∗)ξ∗
−
3∑
i=1
dηˆi((ϕX)
∗, (ϕY )∗)ξi.
Hence, using the (1, 1) character of dηˆi and Remark 4.3, we find
[J, J ](X∗, Y ∗) = [ϕX,ϕY ]∗′ − {dηˆ(X∗, Y ∗)− dηˆ((ϕX)∗, (ϕY )∗)} ξ∗.
As we know [ϕX,ϕY ]+2dη(X, Y )ξ = 0 (this is the normality condition
of the Sasakian structure of B) the horizontal lift of this (null) tensor
field is zero, hence also its component inH′ is zero. But this is precisely
[ϕX,ϕY ]∗′.
On the other hand, on any Sasakian manifold one has:
dη(X, Y ) = g(X,ϕY ), ϕ2X = −X + η(X)ξ,
thus dη(X,ϕY ) + dη(ϕX, Y ) = 0 and dη(ϕX,ϕY )− dη(X, Y ) = 0. By
horizontally lifting these equations we obtain the annulation of the ξ∗
component, hence [J, J ](X∗, Y ∗) = 0.
2. Let now A1 = X
∗, A2 = ξ
∗ (X ⊥ ξ). Then:
[J, J ](X∗, ξ∗) = [X∗, ξ∗] + J [JX∗, ξ∗] + J [X∗, Jξ∗]− [JX∗, Jξ∗] =
= [X∗, ξ∗] + J [(ϕX)∗, ξ∗]− J [X∗, ξ3] + [(ϕX)
∗, ξ3] =
= [X∗, ξ∗] + J [(ϕX)∗, ξ∗],
as the last two brackets are zero by (4.5). As above, using Remark 4.3
and dηˆi(X
∗, ξ∗) = 0 (condition 2) in the statement) we obtain:
[J, J ](X∗, ξ∗) = ([X, ξ] + ϕ[ϕX, ξ])∗′ = 0,
because, as on a Sasakian manifold ϕξ = 0, we can add in the paranthe-
sis the terms [X,ϕξ]−[ϕX,ϕξ] obtaining ([X, ξ]+ϕ[ϕX, ξ]+ϕ[X,ϕξ]−
[ϕX,ϕξ])∗′ = ([ϕ, ϕ](X, ξ))∗′ = 0 by the normality condition on B.
3. We now choose A1 = X
∗ and A2 = ξi (i = 1, 2). We have:
[J, J ](X∗, ξ1) = [X
∗, ξ1] + J [JX
∗, ξ1] + J [X
∗, Jξ1]− [JX
∗, Jξ1] = 0,
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because H is a sp(1)-connection. Similarly for [J, J ](X∗, ξ2) = 0.
4. For A1 = X
∗ and A2 = ξ3 we find:
[J, J ](X∗, ξ3) = [X
∗, ξ3] + J [JX
∗, ξ3] + J [X
∗, Jξ3]− [JX
∗, Jξ3] =
= J [X∗, ξ∗]− [(ϕX)∗, ξ∗],
the brackets with ξ3 being zero by (4.5). The horizontal component of
the remaining two brackets is ([ϕ[X, ξ]− [ϕX, ξ])∗′−dηˆ3(X
∗, ξ∗)ξi. The
ξ∗ component as well as the vertical component vanish by assumption
2) in the statement. Finally, using Sasakian identities and the normal-
ity condition on B we have ([ϕ[X, ξ]− [ϕX, ξ])∗′ = 0.
5. Immediate computation shows that in the remaining ”mixed”
case [J, J ](ξi, ξ
∗) = 0.
6. We are left with the computation of [J, J ] on vertical fields. Ob-
viously [J, J ](ξ1, ξ2) = 0. Then
[J, J ](ξ1, ξ3) = [ξ1, ξ3] + J [Jξ1, ξ3] + J [ξ1, Jξ3]− [Jξ1, Jξ3]
= [ξ1, ξ3] + J [ξ2, ξ3] + J [ξ1, ξ
∗]− [ξ2, ξ
∗] = 0
by [ξ, ξj] = 2εijkξk and (4.5). Same arguments show that [J, J ](ξ2, ξ3) =
0, thus completing the proof.
Remark 4.4. The Ka¨hler form of (P, g, J) is
ω = dπ∗η + π∗η ∧ η3 − dη3;
this shows that dω 6= 0, hence the structure is not Ka¨hlerian. A sim-
ilar computation proves that Lξ∗J = Lξ3J = 0, thus ξ
∗ and ξ3 are
infinitesimal automorphisms of the constructed complex structure.
Remark 4.5. The complex structure J on P depends on the choice of a
3-Sasakian structure on the fibre. But one can see that different choices
of 3-Sasakian triples {ξ1, ξ2, ξ3} produce complex structures that are
conjugated in End(TP ).
We can now go back to the Stiefel manifolds V2(C
n+1) and V˜4(R
n+1),
and complete the proof of Theorems 3.1 (iii) and 3.2 (ii). We have
just to verify that the induced Hopf bundles V2(C
n+1) → µ−1(0) and
V˜4(R
n+1)→ ν−1(0) inherit from the inclusions ν−1(0) ⊂ µ−1(0) ⊂ HP n
horizontal distributions H satisfying the curvature properties of Propo-
sition 4.2. Now property 1) simply express that the sp(1)-connection
given by H is part of a u(2)-connection in the bundles V2(C
n+1) →
Gr2(C
n+1) and V˜4(R
n+1) → Z
G˜r4(Rn+1)
, a fact easily recognized as in
the case of hypercomplex structures in V2(C
n+1) (cf.[14], proof of Thm
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1.10, as well as [15], Thm. 1.13). The meaning of property 2) is that the
curvature of such a sp(1)-connection is given by a (1,1)-form with re-
spect to the almost complex structure J . This follows for example from
the computation carried out in [34], p. 63, for the Hopf bundle. One has
to take into account that the roˆle of the U(1) and of the Sp(1)-actions
on both Stiefel manifolds correspond to the standard basic choice of left
and right multiplication by scalars on Hn+1. Then both on V2(C
n+1)
and on V˜4(R
n+1) the almost complex structure J satisfies the compati-
bility conditions with the Sasakian structures of µ−1(0) and ν−1(0), as
expressed by conditions 1) and 2) of Proposition 4.2. Note that the
complex structure obtained in this way on V2(C
n+1) projects to the
complex structure underlying the Ka¨hler structure of Gr2(C
n+1). This
latter is well known to be not compatible with the quaternion Ka¨hler
structure of this Grassmannian. But it is precisely this quaternion
Ka¨hler structure which is lifted to a 3-Sasakian structure and then, by
means of an appropriate circle bundle, to a hypercomplex structure on
V2(C
n+1), cf. [2], [14]. Hence our complex structure is not compatible
with the standard hypercomplex one of V2(C
n+1). This completes the
proof of Theorem 3.1 (iii) and 3.2 (ii).
Proof of Corollary 3.1. It remains only to show that the total space
of an induced S1 Hopf bundle is minimal in (S2N−1, can). In fact, more
generally, in a commutative diagram
N
i
−−−→ M
piN
y ypiM
N
i
−−−→ M
of immersions i, i and Riemannian submersions πN , πM with totally
geodesic fibres, we see that N is minimal in M if and only if N is mini-
mal in M . This follows by a direct computation of the mean curvature
vector fields of i and i using the Gauss formula of a submanifold and
formula (9.25 a) in [6].
5. Further Observations
As mentioned in the introduction, the zero level set µ−1(0) ⊂ HP 2
is diffeomorphic to a sphere S5 and the projection to the reduced man-
ifold can be identified with the Hopf fibration S5 → CP 2. Going to
the next case n = 3, the projection µ−1(0) → Gr2(C
4), now an in-
duced Hopf fibration, can be described by looking at the families of
submanifolds in Gr2(C
4) that are either Ka¨hler-Einstein or quaternion
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Ka¨hler. The Grassmannian Gr2(C
4) admits in fact a natural complex
Ka¨hler structure, as well as two distinct quaternion Ka¨hler structures
induced via the isomorphism of vector bundles TGr2(C
4) ∼= V ⊗ V ⊥
from the (almost) hypercomplex structure on the tautological vector
bundle V or on its orthogonal complement V ⊥ (cf. [27]). The families
of submanifolds we want to look at on Gr2(C
4) are described as follows
(see [7], [8], [26], [35]).
There are two families F , F ′ of complex projective planes CP 2,
CP 2
′
, a family F ′′ of products CP 1×CP 1, and a family F ′′′ of spheres
S4; they are given by:
F ={planes contained in a 3-space of C4},
F ′ ={planes through a line of C4},
F ′′ ={planes that are invariant for a hypercomplex
structure J of C4},
F ′′′ ={planes given by pairs of lines in two fixed orthogonal
planes of C4}.
All these 4-dimensional submanifolds of Gr2(C
4) have nice inter-
section properties, some of which can also be formulated in terms of
projective geometry of the lines in the 3-dimensional space CP 3, the
context where the Klein quadric CQ4 ⊂ CP 5, isometric to Gr2(C
4),
was first introduced. Instead of listing these intersection properties
on Gr2(C
4) (cf. [26], pp. 508-512, for some of them; the remaining
ones can be similarly deduced), we formulate the corresponding prop-
erties for the families of 5-dimensional submanifolds obtained at the
Sasakian Einstein level as induced Hopf bundles over the members of
families F ,..., F ′′′.
Proposition 5.1. The 9-dimensional Sasakian Einstein focal set
FocHP 3CP
3 ∼= µ−1(0) ⊂ HP 3 contains the following families of 5-
dimensional submanifolds, each of which fibers in circles over a complex
or a quaternionic submanifold of Gr2(C
4). There are two families E , E ′
of Sasakian 5-spheres S5, S ′5, a family E ′′ of Sasakian products S3×S2
and a family E ′′′ of products S4×S1. The induced metrics on members
of the families E , E ′,E ′′ are Sasakian η-Einstein, and can be modified to
Sasakian Einstein metrics by formula (2.1). The intersection properties
of these 5-dimentional submanifolds are the following.
(a) Pairs of 5-spheres in the same family intersect in a circle, and
pairs of 5-spheres in different families either do not intersect or inter-
sect in an S3.
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(b) Pairs of submanifolds of type S3×S2 intersect either in an S3 or
in a pair of disjoint circles. A submanifold of type S3 × S2 intersects
a 5-sphere in an S3.
(c) Any submanifold of type S4×S1 intersects a 5-sphere in a circle,
intersects an S3 × S2 in two disjoint circles, and any pair of submani-
folds of type S4 × S1 intersect in two disjoint circles.
This kind of geometry of submanifolds, now described for the level
set µ−1(0) ⊂ HP 3, can be formulated for all the zero level sets of mo-
ment maps appearing in the diagram of Corollary 3.1. There is such
a level set for each odd dimension. For example, ν−1(0) ⊂ HP 4 is
diffeomorphic to a sphere S7, yielding as reduced manifold HP 1 and
fibering in circles over its twistor space CP 3, a Ka¨hler submanifold
of the Grassmannian Gr2(C
5). Thus Sasakian (η)-Einstein submani-
folds of type S5 and S3 × S2 can be determined in S7 (cf. [31]), and
intersection properties like in Proposition 5.1 are obtained.
The 11-dimensional example is the level set ν−1(0) ⊂ HP 5, identified
in Theorem 3.2 with an intersection of three focal sets in HP 5. This 11-
dimensional manifold is diffeomorphic to the (unique) 3-Sasakian ho-
mogeneous manifold projecting in SO(3) over the Wolf space G˜r4(R
6),
and this latter manifold is isometric to Gr2(C
4). Thus again the geom-
etry of 3-Sasakian and of Sasakian (η)-Einstein submanifolds ν−1(0) ⊂
HP 4 is obtained from the same starting point as Proposition 5.1.
Besides this kind of geometry of submanifolds, the Sasakian-Einstein
level sets µ−1(0) share with some of the 3-Sasakian level sets ν−1(0) a
common expression of their Poincare´ polynomials. We have in fact:
Proposition 5.2. The Poincare´ polynomial of µ−1(0) ⊂ HP n is given
by:
Poinµ−1(0)(t) =
[n−1
2
]∑
i=0
(t4i + t4n−3−4i)
This is obtained by the Gysin sequence of the S1-bundle µ−1(0) →
Gr2(C
n+1), where the connecting homomorphism
Hp(Gr2(C
n+1))→ Hp+2(Gr2(C
n+1))
is given by the wedge product with the Ka¨hler form of the Grass-
mannian. Since this wedge product is injective up to the middle real
dimension p + 2 = 2n − 2 (cf. [22], lemma 3.1, for the similar 3-
Sasakian situation), the Gysin sequence reduces to a series of short
exact sequences finishing with
H2n−4(Gr2(C
n+1))→ H2n−2(Gr2(C
n+1))→ H2n−2(µ−1(0)).
MOMENT MAPS AND INDUCED HOPF BUNDLES 19
This allows to compute the Betti numbers of (µ−1(0)) by differences of
consecutive even Betti numbers in Gr2(C
n+1). The Poincare´ polyno-
mial of Gr2(C
n+1) is well known (see, for example, [9], p. 292) and by
writing it as:
PoinGr2(Cn+1) = (1 + t
2 + ...+ t2n−2)(1 + t4 + t4m−4), (n+ 1 = 2m)
(5.1)
PoinGr2(Cn+1) = (1 + t
4 + ... + t4m−4)(1 + t2 + t2n), (n+ 1 = 2m+ 1)
(5.2)
the conclusion is easily obtained.
The following table gives the Poincare´ polynomial of µ−1(0) ⊂ HP n
for low values of n
n = 3 1 + t4 + t5 + t9
n = 4 1 + t4 + t9 + t13
n = 5 1 + t4 + t8 + t9 + t13 + t17
n = 6 1 + t4 + t8 + t13 + t17 + t21
n = 7 1 + t4 + t8 + t12 + t13 + t17 + t21 + t25
n = 8 1 + t4 + t8 + t12 + t17 + t21 + t25 + t29
The Poincare´ polynomial of µ−1(0) can be compared with that of
ν−1(0), computed as for the homogeneous 3-Sasakian manifold SO(n+
1)/(SO(n− 3) × Sp(1)). The latter has two different expressions, ac-
cording to whether n + 1 is even or odd (see [22] or [11], p. 28). For
odd values of n+ 1 = 2k + 3 this expression is:
Poinν−1(0)(t) =
k−1∑
i=0
(t4i + t8k−1−4i),
and taking account of the dimensions, this is the same formula given
in Proposition 5.2 for Poinµ−1(0)(t).
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